Introduction. Convex functions have been generalized in the following
two directions: to subharmonic functions [5] of two (or more) independent variables, by replacing the dominating family \F(x)\ of linear functions, or solutions of the differential equation We shall here combine the foregoing considerations, generalizing subharmonic functions by replacing the dominating family of harmonic functions with a more general family of functions of two (or more) independent variables.
Bonsall [ 2] has recently considered some properties of subfunctions of two independent variables relative to the family of solutions of the second-order elliptic partial differential equation Tautz [6] has considered a more general situation; but he restricted the dominating family of functions to being linear, and its members to having no positive maxima or negative minima at interior points of the domain of definition.
After developing some properties of subfunctions from a few postulates for our dominating family of functions ( §2), we shall introduce further postulates as we need them in studying a Dirichlet problem relative to the dominating family of functions ( § §3-5) . Applications to elliptic partial differential equations will be made in a subsequent publication. 
Generalized subharmonic functions. Let
further, if the strict inequality holds at a point of y then the strict inequality holds throughout Γ.
REMARK. We note that the second part of Postulate 2 might have been restricted to the case M = 0 without actual loss of generality. For if the strict inequality in (2) holds at a point of y then alsô l (*> y) < F{x, y; F 2 + M; γ) on y, with the strict inequality holding at a point of y. It follows from the second part of Postulate 2, restricted to the case M = 0, that NOTATION. In the sequel we shall restrict use of the symbols Z), y, Γ, Γ, F(x, y), F{x, y; f; y), and g(x, y) to the foregoing designations. REMARK. For a subfunction g(x) of one variable, relative to a family \F(x)\ of functions defined on an interval a < x < b, the corollary can be strengthened as follows [ l] : If a < x ϊ < x 2 < 6, and then either
for a < x < x i and for x 2 < x < b. But, as independently observed in conversation by R. H. Bing and M. H. Heins, the stronger result does not generally hold for subfunctions of more than one variable. Thus the function
is subharmonic in | z | < 1. For large M > 0, the set of points where
has exactly two components, one containing the point z = 0, the other containing z = 1/2. Let ^(z) be defined by -II on the component containing z = 0, Suppose that the condition holds but that g(x, y) is not a subfunction; then there is ay C \y\ and an
at some point of Γ. Then the set of points of Γ on which
is attained is a closed nonnull interior set E in Γ.
Let (x , y ) be a point of E such that
(χ,y)€E By hypothesis, we have but, by our selection of (# 0 > y ), for sufficiently large n there is an arc of κ n on which
Thus on κ n we have
with the strict inequality holding at some point, so that, by Postulate 2, at each point inside κ n we have
REMARK. A method similar to that used in proving Theorem 3 can be used to show that Postulate 2, restricted to the case γ -K, implies the result stated in Postulate 2 for general γ d\γ\. Thus Postulate 2 might have been restricted to the case γ = K without actual loss of generality.
Proof. Since the functions gλx 9 y) (/' = 1, 2, , n) are continuous, it follows that g Q (x, y) also is continuous. Let γ C \γ\, and let (X Q9 y Q ) C Γ. Then for some /, with 1 < / < n, we have It is easy to show that results analogous to Theorems 1-5, with suitable alterations, hold for superfunctions: in addition to writing "superfunction" for "subfunction," we reverse the inequality in the last line of Theorem 1 and in the last line of Theorem 3, and replace "max" by "min" in Theorem 4. 
SUBFUNCTIONS OF SEVERAL VARIABLES
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DEFINITION 3. By a solution of the Dirichlet problem for Ω relative to \F{x, y)\ and relative to the given bounded boundary-value function h (α) on ω, we shall mean a function H(x, y) which is continuous in Ω, satisfies
A -*OL A -*CL and is such that for each γ £ { γ} with Γ C Ω we have
DEFINITION 4. We shall say that a function H{x, y) which is continuous in Ω, and which satisfies (7) for each γ £ !y} with Γ C Ω, is an \F{x, y)\-function in Ω, though of course in the given family \F(x, y)\ there might be no member whose domain of definition contains Ω the given domains of definition might for instance be small circles. Clearly, the only functions which are both subfunctions and superfunctions are the \F(x, y)}-functions.
THEOREM 6 If φ(x, y) is an under-function and ψ(x, y) is an over-function, then φ(χ, y) < ψ(χ, y) in Ω.
Proof. The result can be established by a method similar to that used in proving Theorem 3.
is an over-function. We shall use the following well-known and easily established result in connection with Postulate 3. Proof. We shall show first that for each K C { γ i, with K C Ω, the function
L e t φ o ( x 9 y) a n d ψ Q ( x , y) be fixed m e m b e r s of \ φ ( x , y ) } a n d \ φ ( x , y ) } , respectively; and for each φ(x, y) C \φ{x, y)\ define
Using Theorem 4, we readily verify that Φ(x, y) satisfies the conditions of Definition 5, so that Φ(x s y) is an under-function; also, by Theorem 9, Φ(x,y; K) is an under-function.
Since Φ(x, y; K) is an under-function, and
further, using Theorem 6, for {x, y) in K we obtain (9) φ Q (χ, y) < φ(χ, y; κ ) = F(x, y; Φ; K) < 0 Q (*, y).
It now follows from (8), (9), Postulate 3, and Lemma 1 that H*{x, y) is continuous in K, so that H*(x, y) is continuous in Ω. 
Then, by Theorem 7, φ (x 9 y) is an under-function; and, by (10), we have φ{x y y) > #*(%, y) -6 in Γ.
By Postulate 2, then, we obtain (11) F(x, y; φ; γ) > F(x, y; ff*-e; y) > F(*, y; #*; y) -6 in Γ.
Since for (#, y) £ Γ and any φ ζi\φ\ we also have (12) #*(*, y) > ^(Λ, y; y) = F(Λ;, y; ^ y), it follows from (11) and (12) that #*(*, y) > F(Λ, y; //*; y) -e inf.
Thus since e > 0 is arbitrary, we have
H*(x, y) > F(x,y;H*; γ) in Γ.
so that H*(x, y) is a superfunction in Ω Since Theorems 11 and 12 hold also for the function H (x, y), and since the only functions which are both subfunctions and superfunctions in Ω are { F(x, y) !-functions in Ω (see Definition 4), we have the following result: THEOREM 13. The functions //*(%, y) and H* (x, y) are\F(x,y)\-functions in Ω.
We now turn our attention to the behavior of the functions H*(x, y) and H (A;, y) at the boundary ω of Ω.
Regular boundary points; barrier functions.
We make the following definition. We shall now give local sufficient conditions in terms of barrier functions (see [ 3, pp. 326-328] ) in order that a point (X G ω be a regular point of Ω; in the next section we shall study conditions under which barrier functions exist. Consider the function Φ(Λ;, y), defined by Let K' and K" be the two circles through Q and CX 0 , and tangent to κχ Let p be the length of the common chord (X o Q of K' and K", or the length of the common chord of K' and K, whichever is less, and choose the constant C so that (23) where and since the functions at the extremes of these inequalities have equal values at (X o and are continuous at Cί 0 , it follows that u'(x 9 γ) and u"(x > y) are continuous also at CX 0
As in the last part of the proof of Theorem 11, u'{x 9 y) and u"(x > y) can easily be shown to be subfunctions in K' and K", respectively.
Now we define the function u(x 9 y) in K'u K" as follows: on the part of κ'u /<" which lies in Ω; since uiχ 9 y) is continuous on κ'u K" except possibly at Q; and since, by (22), (26), and (27), there is a neighborhood of Q in which (30) holds, it follows that s ix f y) is continuous in ΩnA P That six 9 y) is a subfunction follows from exactly the same kind of argument as the one used in discussing uix $ y).
By (20), (24), (25) Finally, by (19), (23), (24), (25), and the definitions of u'(x 9 y\ u"{x,y), u{x ί γ), and s (x 9 γ), we have s (x 9 γ) < M on Ω n κ t .
Thus s (x 9 γ) satisfies all the conditions of Definition 9, and is a barrier subfunction 5 {x $ y; κ x ; 6, M, N) as desired.
